Int. J. Solids Structures, 1970, Vol. 6, pp. 1103 to 1118. Pergamon Press. Printed in Great Britain

A DISPLACEMENT BOUNDING PRINCIPLE
IN FINITE PLASTICITY

R. H. LANCE

Cornell University, Ithaca, New York
and

J. F. SOECHTING

Brown University, Providence, Rhode Island

Abstract—A deformation bounding principle is developed for finitely deforming, rigid, perfectly-plastic structures
exhibiting geometric stability. The problem is formulated in terms of Kirchhoff's stress tensor and Green’s
strain tensor and the principle of virtual work and Drucker’s Postulate is applied.

The principle is used to find a bound on the response of a cylindrical shell under internal pressure and the
bound is compared to the exact results also obtained herein.

INTRODUCTION

THE effect of geometric changes on the load carrying capacity of structures is an important
corollary to limit analysis. In limit analysis, both work-hardening and geometric effects
are neglected. Experiments have shown, however, that some structures may effectively
sustain loads considerably in excess of the limit load, whereas other structures collapse
before the limit load is attained. Since the inclusion of work-hardening in any constitutive
model strengthens the structure, the questions of structural stability and effective load
carrying capacity may only be resolved by including in analysis the effect of geometric
changes on the structural response to load histories.

The question of uniqueness and stability of a rigid-plastic continuum at incipient
deformation was first discussed by Hill [1], who formulated the problem in terms of the
nominal stress tensor. If the structure proves to be stable, it is important to have a measure
of the post yield load-deformation behavior. Two approaches to solving problems of this
class have been used. In the first, formulated by Onat [2], the equilibrium equations are
written in a rate form involving both stresses and displacements and the complete solution
of the resulting initial value problem is found in terms of a time-like parameter. This method
was used by Onat and Shu [3, 4] to find the load-deflection behavior of circular arches
and by Jones [5, 6] for a number of static and dynamic problems. In the second approach,
a sequence of limit analysis problems is solved. At each step, a velocity field is determined;
and thus the geometry of the resulting configuration may be used to determine a new
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load carrying capacity. Coon and Gill [7] have used this method to evaluate how geometric
changes affect the limit load of cylindrical shells. Circular plates were discussed in this
sense by Lance and Onat [8].

The number of problems which have been solved taking geometric changes into account
appears to have been limited by the lack of suitable numerical algorithms and methods for
obtaining rational approximations. Such methods have been used successfully in elasticity
and the theory of perfect plasticity at small deformations. Thus, for example, the limit
analysis theorems in plasticity may be applied to find upper and lower bounds on the
collapse load. Furthermore, they form the basis for finding numerical solutions using
mathematical programming techniques [9). Similarly, bounding principles have been
developed for a number of models of material response. Although bounding principles
differ from strict minimum principles in that the bound cannot be brought arbitrarily
close to the exact solution, they have produced useful results with a minimum of computa-
tional difficulty.

All of the foregoing methods including the bounding principles of structural analysis
are based on the principle of virtual work and the constitutive relations of the material.
In each case, either an equilibrium stress field, or a displacement or velocity field must
be constructed, and, through the constitutive equations and the principle of virtual
work, an inequality on some physically meaningful quantity such as the collapse load is
obtained.

One would like to use the same approach to construct bounding principles for a class
of problems where geometric effects are of importance. However, one immediately finds
that the stress and displacement fields are coupled in the equilibrium equation and thus
one should not expect to be able to construct principles using solely stress fields or velocity
fields. Guided by these considerations, we shall proceed to develop a bounding theorem for
a class of structures exhibiting geometric stability. In form, the bounding theorem is
similar to the upper bound theorem of limit analysis. We shall assume that Drucker’s
postulate of material stability is satisfied. To illustrate the application of the bounding
principle, we shall consider as an example the post-yield response of a simply supported
cylindrical shell under internal pressure. The exact solution of the problem will be found
and the results compared with bounds on the displacement constructed using the bounding
principle.

PRINCIPLE OF VIRTUAL WORK

When geometric changes are taken into account, it becomes necessary to make a distinc-
tion between the original and the deformed configuration of the body. Consequently, two
different approaches may be taken. The fundamental field variables, stresses and strains,
may be referred either to a fixed reference, for example the undeformed configuration of
the continuum, or they may be identified with the position of the material elements of the
body in its deformed state (see, for example, Prager [10] or Fung [11]). In the theory of
plasticity, the constitutive equations must be expressed as a relation between stress rates
and strain rates. If stress rates and strain rates are to have physical meaning, they must
vanish identically when the body is subjected to a rigid body rotation. This restriction leads
to more complicated expressions if the second approach is used and for this reason all
quantities shall henceforth be referred to the undeformed configuration of the continuum.
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Using this approach, the appropriate definitions for stress and strain are the Kirchhoff
stress tensor and Green’s strain tensor [11], respectively. The equilibrium equation then

ist
(Sjg“"Sjkui.k)‘j == 0 inV
(Sﬁ+Sjku,-,k)nj = Tj—vi onS (1)
Sii =Sy
where u; is the deformation measured from the undeformed state, »n; is the unit outward
normal to the undeformed surface S and T; are the surface tractions per unit area of the
undeformed surface. V and S are taken to be the original volume and surface respectively
and the independent variables x; locate the original position of the material elements. The
corresponding strain tensor is
Ei; = Huj+uji+ g ity ). 2
The rate formulation follows very simply ; the equilibrium rate equations and strain rate
tensor being given by
(Sji+sjkui,k +Suttip); =0 3
E‘f}' = %‘(&g!j“}'l}j'g“f”lzk!,'ﬂk‘j‘i—uk,,‘l}kyj). (4)
{We assume a quasi-static process ; thus inertia terms in equation (3} are neglected.)
The principle of virtual work, as has been mentioned before, plays a central role in the
derivation of approximate theories for one- and two-dimensional continua and also in the

formulation of bounding theorems. We recall that in the linear, small deformation theory
it may be stated as

[ autegav = [ mouas 6)
1% N

where ¢;; is any arbitrary stress field satisfying the equilibrium equations and stress boun-
dary conditions and Je;; is the strain field which is derivable from any varied displacement
field du; satisfying the displacement boundary conditions. In the theory of plasticity it is
customary to speak of strain rates rather than strain increments ; therefore we shall write
the equation of virtual work in an equivalent form

4 S

with a;;, &;; and 4; subject to the same conditions as before. In the theory of finite deforma-
tions outlined above the form of the principle of virtual work remains the same

v S

However, the stress and displacement fields are no longer independent. Rather, we must
choose a stress field S;; and a displacement field u; together in such a way that they satisfy

) ’rWe‘ emplox customary indicial notation. A repeated subscript implies summation over that index, ( )
differentiation with respect to x; and ( ') differentiation with respect to “‘time’.
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the equilibrium equation (1) and all boundary conditions. Then, independently, we may
select any velocity field u; satisfying velocity boundary conditions. The strain rate tensor
is then determined from u; and 4, by equation (4). A proof of equation (7) follows.

The left hand side of equation (7} is equivalent io

),. . l‘»
'g Sybdb = | (S, + Sty dV 8
BN vy

under the condition that S;; be symmetric and E;; satisfy the equations of compatibility.
Integrating equation (8) by parts, we obtain

¥

o

( (Sj+ 500 4, dV + ! (S5 4+ Spu Jun; dS. 91
~F oy
The volume integral in equation (9) 1s identically zero if §;; and u; satisfy the equation of
equilibrium. Under the same conditions, the surface integral reduces to the form given by
equation (7).

it should be noted that the equation of virtual work was derived without making any
assumptions regarding material behavior. Furthermore, the result is still valid if the problem
1s formulated in terms of properly defined generalized stresses and strains.

CONSTITUTIVE EQUATIONS

Green and Naghdi [ 12] formulated a general theory for elastic—plastic continua making
full use of the restrictions imposed by the principles of invariance and laws of thermody-
namics. In particular, they assumed that plastic behavior was characterized by the existence
of a yield surface: if and only if the stress lies on the yield surface and the rate of stress
vector is directed towards the exterior of the yield surface, the plastic component of the
strain rate is non-zero and loading occurs. Using this model and assuming an isothermal
continuum, they derived the restriction

(S;;—SHE; > 0 {10

where S;; and E;; are associated through some constitutive equation and S}, may be called
the ““thermodynamic reference stress”. Phillips and Eisenberg [13] show that this reference
stress must always be within the yield surface. There are two further assumptions which are
customarily made : convexity of the yield surface and normality of the strain rate vector to it.
The former is supported by physical evidence: the latter is a consequence of Drucker's
Postulate of stability in the small

SiE; = 0. ey
{By stability we refer here to material stability, not geometric stability). It has been shown
that Drucker’s Postulate is not essential to construct a consistent axiomatic theory [13}:
whether or not it is essential for a physically valid theory is still an open question. However,
it has proved useful in many applications and insures material stability in the infinitesimal
theory without precluding unstable configurations in the finite theory. Henceforth we shall
assume that Drucker’s Postulate does apply. Then nequality (11) requires

(S, ~SHE; = 0 B

iy ==
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where S}, is some stress point within the yield surface and E;; is the rate of strain normal to
the loading surface at the plastic stress point S;;.

BOUNDING PRINCIPLE

At this point we shall specialize further to consider a class of problems which exhibit
both stability and uniqueness. We also assume that, though geometrical effects are of
significance, the strains are small enough that we are justified in assuming a yield condition
of the form

f(Sij) =k (13)

where k is a constant. The plausibility of assumption (13) may be based on experimental
evidence such as “true” stress—strain behavior of ductile materials in a uniaxial test. On the
other hand (13) may merely be accepted as a hypothesis for the as-yet untested consequences
of the theory developed below. It should be noted that this function does not describe
exactly a perfectly plastic material since the Kirchhoff stress does not equal the actual stress
on the material element. Structures which satisfy these restrictions are plates loaded such
that the principal membrane forces are positive and, presumably, most shells under
internal pressure. Assuming a perfectly plastic response, we note that the response of such
structures falls into three stages: initial flow, an intermediate stage and, finally, the mem-
brane state. The first stage may be found by the usual methods of limit analysis. The exact
solution to the second stage is in general a difficult problem and thus approximate methods
are desirable. The principle of virtual work was used by Onat [14] to determine approximate
load—deflection curves for circular plates and by Sawczuk [15] for the rectangular plates.
In the last stage, bending moments are identically zero and the structure acts as a membrane.

As in limit analysis we take recourse to the principle of virtual work. Consider a structure
whose collapse load in the small deflection theory is T; and consider the same structure on
further loading such that the tractions are AT;, 1 > 1. (We are here making use of stability
by assuming the structure can support AT;.) Given /4, assume some displacement field u;
such that we can find a stress field S;; nowhere violating yield, which in conjunction with u;
will satisfy the equilibrium equation and boundary condition (1). Consider independently
a velocity field 4;, which together with u; serves to define E',»j. Then, by Drucker’s Postu-
late (12)

D(Eij) 2 SijEij~ (14)

Taking the volume integral of inequality (14) and making use of equation (7), we obtain

fV D(E)dV > AL T; dS. (15)

This inequality is exactly the familiar one of limit analysis. However, we have the additional
restriction that a suitable stress field must be found. This is to be expected since stress and
kinematic terms are coupled in this case whereas they are independent in the linear case.
Although the problem so far has been formulated in terms of a three-dimensional con-
tinuum, all results will hold equally well if generalized stresses and strains are used.
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SIMPLY SUPPORTED CYLINDRICAL SHELL

As an illustration, let us consider the response of a rigid perfectly plastic cylindrical
shell, pinned at the ends, under internal pressure. This problem was first considered by
Duszek [16]; however, on closer examination it may be seen that the strain rates she obtains
violate the flow rule. We shall study the post-yield behavior of the structure by means of the
method used by Onat [2]. Thus, we shall obtain solutions to a rate problem, with the initial
values found by the usual methods of limit analysis. Finally, we shall compare the exact
results with bounds on the displacements obtained using the bounding principle developed
herein.

Consider a cylindrical shell of length 2L, radius A4 and thickness 2H under an internal
pressure P as illustrated in Fig. 1. Since the geometry and loading are axi-symmetrical, the
only nonvanishing stresses acting on any portion of the shell are S,,, S,., See and S,, in

S e R R R

2t o

FiG. 1. Cylindrical shell.

cylindrical coordinates. Furthermore, since the shell is assumed thin, §,, is small compared
to the other stress components. Generalized stresses, Fig. 2, may now be defined by taking
the average and the first moment of the stress components over the thickness :

H H H
Nx = f Sxx dp Nq) = f Sm dp Qx = f erdp
—-H —H

~H

(16)
H
M, = f Sxxp dp
-H

where p is measured from the middle surface of the shell.

Fi1G. 2. Shell element.
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The displacements are W and U in the radial and axial direction, respectively. We
assume that the shell thickness is small, i.e.

H« L (17)
that
W = O(H)
(18)
Ul < W]

that the slope of W is small and that Kirchhoff’s hypotheses hold. Thus we assume that
plane sections normal to the central surface remain plane and normal ; and therefore the
shear Q, does no work and may be considered a reaction.

The equilibrium equations may be derived directly from the full, three-dimensional
field equations or the principle of virtual work may be applied. The first approach is used
by Fung [11] to derive the equilibrium equations for the finite deflection of plates. On non-
dimensionalizing in the following mannert

N Ne M, _ AP
T 00H " T 2H T goH? P T 26,H )
19
X w U R A L? A? (
X = — w = U = — = — = —— _= —
L A L H *“am T2
the generalized strains become
e=uw+bw?r  dp=w
, (20)
w
Ky = 2-0( Kp = 0
and the equilibrium equations
m; —2Rnw" + 2ang—2ap = 0
@1

n, =0.

oo is the yield stress in tension and primes denote differentiation with respect to the axial
coordinate x.
For the particular problem under consideration, the boundary conditions are

m(1) = u(l) = w(1) =0
and by symmetry (22)
m,(0) = u(0) = 0.

We assume a yield condition circumscribed on the exact Tresca yield condition as shown
in Fig. 3, which has also been used by Drucker and Shield [17].
The yield surface is formed of six surfaces defined by the relations
L ng=+1 IL ng—n, = +1 II. +m +n? = 1. (23)

t We follow the notation used by Duszek [16].
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e Ty

FiG. 3. Yield condition.

LIMIT ANALYSIS

Under monotonically increasing loading, incipient deformation first occurs at the yield
pressure given by limit analysis. The yield pressure, stress and velocity fields must satisfy
the linearized equilibrium equations

my+2ong—p) = 0
(24
n, =0
the yield condition (23) and the flow rule for the linearized strain rates. The stress field
lies entirely on the ridge AC of the yield surface, Fig. 3, with m, < 0. A hinge forms in the
shell at x = 0, the point corresponding to the corner A on the yield surface. The complete
solution of the limit analysis problem is

i
p=1+
X
m, = x*—1
(25)
ng = 1 ne =0
W = Wo(l "‘x) WO > 0.

POST YIELD BEHAVIOR

In order to determine the behavior of the shell for loads greater than the limit load, we

must recast the equilibrium equation (21) into rate form
W —2RA W — 2Rn W' + 2othe — 2ap = 0
. {(26)
n, = C.

It is easy to see from equation (26) that initially p = 0, or letting the central deflection
w(0) be our time-like parameter for this discussion only

Sha R} 27
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Thus the knowledge of the stress field at yield gives no information about the geometric
stability of the shell on further loading.

On physical grounds we assume that 7, > 0 (as the shell expands radially, it must
stretch in the axial direction). We note that continued flow is possible only for stresses in
region I of the yield surface or on the edges formed by the intersection of surfaces [ and II1.
Thus

e = 0.

Also, an inspection of the stress field (25) shows that a violation of yield rmuy b cxpected
initially at x = 0 if m, and p are both scaled in accordance with equation (24). Cluse to the
support x = 1, where m, = 0, the scaled solution is still valid. Therefuiv 1k point at which
m, = nZ—1 (the edge given by the intersection of I with III) moves tow.rd the support.
We shall denote this point by x = £. We make the hypothesis that for x > ¢, the radial
displacement is linear; for x < ¢ the axial curvature is non-zero. In this latter region there
are two possibilities to be considered : (1) the stress field lies entirely on the corner as was
assumed by Duszek or (2} it is in region 1. As noted before, the velocity field which follows
from the first assumption and the equilibrium equations (26) violates the flow rule; the
second assumption must therefore apply. Furthermore, by the flow rule and the condition
#(0) = 0, we obtain an additional boundary condition

wi(0) =0 {(28)
unless n, = 0.

There are two possibilities to be considered at x = &; the velocity field and all appro-
priate derivatives are continuous or a travelling hinge forms. The first assumption requires
W' to be continuous, which is impossible in view of the boundary condition (28). T%:s we
shall assume that a travelling hinge forms at x = £, and we may let ¢ be our para.aetric
time. (We assume ¢ is monotonically increasing.) Then, the following relations are a con-
sequence of the flow rule

0<sx < E<xxt region I
W=0 Ww>0 (29)
o= —yww
andatx = ¢
Ay = —2n.k. (30)

The rate boundary conditions are obtained directly from equation (22) and consequently
we obtain as a solution to the rate problem

0<x<?¢ rm,=2RAw+opx*+B

he=C
w=2D (31)
u=0

fwx<l my = ap(x?—1)+J(1-x)
w = E(1—x) (32)
4 = vEE(1-Xx)

with six unknowns: B, C, D, E, J and p.
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In writing the equilibrium equation (21) we assumed continuity in m; and w’. Continuity
in m, and w across a moving hinge is automatically satisfied by any rate field. However,
continuity in the slopes requires that 71, and W be continuous since continuity of m, across
a moving hinge requires that

(m]+¢lm] =0 (33)

where [ ] denotes the jump in the quantity enclosed in brackets. Thus, continuity of s,
follows from the assumption that [m,] = 0.
Two further restrictions are found by requiring thatat x = ¢

m, = ni—1 (34)

and since m, assumes a minimum there
m, = 0. {35)
A fifth condition is given by equation (30) at x = &, which is equivalent to
aft] = —n, W] {36}
The sixth condition is found by requiring that the equilibrium rate equation hold at
x=¢
[#.] - 2Rn W] = 0 (37)

or equivalently, that the equilibrium equation (21) be satisfied on the interval [0, &)
Subject to the above continuity conditions and the initial conditions (25) we obtain

ap—1) = 1—_—5 ne = /¢ neg =1
1 X

o L+ =yx)
TR 1—x’

Rw = 2/x—¢+In ,Y s
A R (BN TV

0<x < u

(38)
_ R el AP LR VA UtV
My = “2§+4\/(£X)+T:E—+2\/(“‘ln(l_\/é)(l+\/:x}

f(l_x} \g
1 = s, Rw = {1 —>
E<x < u TRaf1_ &) w l—ﬁ( x)
m, = L [x2—1+4241—-x)]
x 1_5 .

The above solution is valid until ¢ = 4. On further loading, the solution violates the
yield condition at £~. We shall now assume that the hinge splits into two parts, one travel-
ling toward the support, the other toward the center. We further assume that the region
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between the two hinges remains on the edge AB, since

_[G=1
nx |
a quantity heretofore positive and corresponding to the curvature rate for a stress field
on AB,iszeroat ¢ = 4.

We denote the hinge travelling to the center by # and the one travelling toward the
support by £.m, is a constant in the region (1, £) and the equilibrium equation may be
integrated directly there to give the displacement w. Similarly, in the region (£, 1], the dis-
placement w is linear and equation (21) may be integrated directly for m, . In both regions,
the axial displacement rate follows directly from the flow rule. In the third region {0, ),

W must be a constant in view of the boundary condition (28). Thus, the equilibrium rate
equation (26) may be integrated directly in [0, #). We obtain

0<x<n  my=2Raw+opx*+B

w=C 4=0
A, =D
n<x<&é  my=ni-1
_—dp—1) ,
w= 3R x*+Ex+F (39)

—_ 132 5
= 6—;[@-’-151—)—]::3+%[%—1—)}x+6

t<x<l me = ofp—1)(x*~ 1)+ J(1 —x)
w = K(1—x)

u= %Kz(l —Xx)

subject to

m{&) = my(n) =0

(i (m)] = [i(m)] = 0

W] = W(d] = ImA&)] = 0
[im] — 2Rn,[W'(m)] = 0 (40)

— Ny

(a(m)] = Wml

&

[(9) = =[]
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The solution to the problem for & > 4, (7 < §) 1s

0<x<y Hte = 2RA[w(x)— wi) ]+ ap(x? — g%y + 2ni,

< x <& me = —~xp— 11357
X(P - l) b v -~
W=~ ﬁ‘;{*(x" +¢ - 2¢)
_ X W{P”‘ 1)2 3 34 Hx (P_I)
! 6RI ni bR e
f<x <1l my=op—1)(x*~1+25-2¢x) {41
w o AP De(l—x)
Rn,
A U Uty
2Rn?
ne = (L—alp— 1)1~ &2}
f,
‘oll —p) = —
V ! Al Ap—1)

and

ap{2—alp— (1=} 3T~ odp— N1 = &)} +alp— D(n® ~ )]

423
+a(p—D6{l —alp— D1 =}~ 22(p— V(1 = O(y* — &)] = 0. “

Equation (42) was integrated numerically and the results are shown in Figs. 4-6. This
solution is valid until a(p-—- 1) ~ 4-5. At this point

m{0) = 1 —n?

5 T o s 2.0 25
RwiO)
Fi1G. 4. Central deflection.
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.17

wlp-0#10

i b i 3

] 2 4 £ 8 10

Fi1G. 5. Bending moment.

and another hinge forms at the center until the membrane solution

b))

2
7R (1-x%)

m, =0 n, =1 np = 1

is attained at a{p— 1} = 4.75.

ST

F1G. 6. Axial force.
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The exact solution to the rate problem is difficult to obtain even for a simple configura-
tion such as the one considered above. For purposes of comparison, we shall now consider
the approximate results that may easily be obtained using the bounding principle given
by equation (15).

BOUND

The first step is to construct an approximate displacement field and a velocity field.
The curvature x.or w” in some central region must be nonzero so that we may construct
a stress field nowhere violating yield. Thus by a Taylor expansion, we assume

0<x<¢ w=w(2{—E2-x?)
W= W28 - &7 x?)
E<x <l w = 2w; &1 —x)
Vo = 2,81 —x)

where w, and w, are arbitrary and we have satisfied continuity in w' and w'. The dissipation
D is then given by

D = mug,+n i, +nele (44)

and by equation (23) and the assumed velocity field

D= —k/(l+nd)+41q (45)
where
0<x<? K, = __L‘;_z Jo = wo(2E—E*—x?)
: (46)
é <x < 1 kx = 0 ll(p = 2W2(1_X)é
Finally, by equation (15)
1 1
f D(x) dx Zf Pwdx 7
0 0

and substituting equations (45) and (46) into (47), we obtain the inequality

2
ap—1) < (—(ll_ign—f’;;) (48)
It now remains to find a stress field satisfying equations (21) and (22) and nowhere
violating yield. On the interval [0, £) we obtain, assuming ne = 1
my = —4Rn,wy+20(p—1). {49)
We require m,{0) = 0 and in order to obtain the best stress field (closest to yield), we
assume

m, = const. = n%—1
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and thus
ap—1) = 2Rn,w,. (50)
On the interval (¢, 1], we have
iz = 20(p—1)
which gives by continuity at x = ¢
m, = a(p—1)[x*—1-2&x +2¢] (51)
and
—ap—1)(1-8? = —1+ng (52)

By equations (48) and (52) we may eliminate n? to obtain

DS e

and for the central deflection

{2—alp—1)
[1—alp—D(1 -4

Equations (53) and (54) serve as a parametric bound on the pressure in terms of the central
deflection. The comparison of the approximate to the exact solution is given in Figs. 4 and 6.
In general, the bound is close to the actual curve ; the membrane state isreached ata(p — 1) =
3, instead of ~4-75, but the solution does give an upper bound on the pressure in terms of
the central deflection. In general this need not be the case since inequality (15) contains a
measure of the entire displacement field.

For comparison, it should be noted that the results obtained by Duczek [16] are coinci-
dent with the curve denoted “bound” in Fig. 4. Because the flow rule is not satisfied every-
where by Duczek’s strain-rate field, the stress and velocity fields as given in [16] are not
suitable candidates for calculating bounds by the principle developed above. Thus, it is
not clear why Duczek’s results lie above the exact solution obtained here.

Rwo = Rwif2-9) = 3 (54)

CONCLUSION

Geometric changes in a structure may significantly increase its load carrying capacity
beyond the limit load predicted by limit analysis. The mathematical problem is highly
non-linear and complex and thus numerical and approximate methods are necessary. A
bounding principle which can give useful estimates of the post-yield load deflection be-
havior has been derived herein. The bounding principle gives a safe (upper) bound on the
tractions. For the particular example considered here, agreement between the bound and
the exact solution was excellent.

It should be noted that the bound is improvable in the sense that the displacement
field may be brought closer to the exact one by, say, a power series expansion. The bounding
principle is not in itself able to predict instability and at this point it is not clear if one is
able to predict a totally stable configuration a priori. This would seem to be an area that
merits further investigation.
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AGcTpakT—/{a10TCs IPUHUMIT BPeaebHOM aedopMaLUn 118 KOHCHHO NePOPMUPYEMBIX, KECTKHX, Hieast-
bHO-TLIACTHYECKUX KOHCTPYKIUMH, KOTOPBIE MIPOSBASIOT [EOMETPHUYECKYIO YCTOHYMBOCTL. 3ajava Mpesctas-
7IeHa BbIPaXKEHUAMH TeH3opa Hanpskenuit Kupxrodda u tenzopa nepopmauun I'puna, npuuem ucrosbs-
YeTCs MPUHUMIT BUPTYasTbHOH paboTel M moctynaT pakepa.

Vicnonb3yeTcs NPUHLMIT U1 OnpeaesieHHs peaesia MoBeAeH s LAWHAPHIECKOK 000104k, NoABEPKEH-
HOU ByHTpeHHeMY naBjeHuio. [Ipenen cpaBHMBAETCA C TOUHBIMM Pe3YibTATAMM, TAKXKE NOAYUCHHBIMH B
npeIokeHHol padore.



